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Abstract

Response time calculations in stochastic networks – e.g. queueing net-
works – are usually developed in terms of sample path analyses beginning
in an equilibrium state. We consider the joint probability distribution of
the sojourn times of a tagged task at each node in a network and observe
that this is the same in both the forward and reversed processes. There-
fore if the reversed process is known, each node-sojourn time can be taken
from either process. In particular, the reversed process can be used for
the last node in a path and the forward process for the other nodes in a
recursive analysis. In this way we can derive quickly and systematically
existing results for response time probability densities in tandem, open
and closed tree-like, and overtake-free Markovian networks of queues. We
also show how to apply the method in non-queueing systems.

1 Introduction

The response time of a particular, ÔtaggedÕ task along a path in a network of
nodes of some kind is deÞned to be the sum of the sojourn times of the task (i.e.
its delays) at those nodes that constitute the path. More generally, the response
time distribution follows directly from the joint probability distribution of the
node-sojourn times. For a path comprising the sequence of nodes (1, 2, . . . , m),
let the response timeR = T1 + T2 + . . . + Tm , where Ti is the sojourn time
at node i, (1 ! i ! m), with probability distribution function Ti (t). Then the
joint sojourn time distribution is J (t1, . . . , tm ) = IP( T1 ! t1, . . . , Tm ! tm ) and,
denoting Laplace-Stieltjes transforms (LSTs) by asterisks, them-dimensional
LST of the joint sojourn time distribution is

J ∗(θ1, . . . , θm ) =
! ∞

0
. . .

! ∞

0
e−( ! 1 t 1 + ... + ! m t m ) dJ (t1, . . . , tm )

The response time distribution then has LST R∗(θ) = J ∗(θ, . . . , θ). When the
sojourn times Ti are independent, this simpliÞes toR∗(θ) = ! m

i =1 T ∗i (θ).
If the sojourn time at each node i depends solely on the state,Ni say,

existing at the node immediately prior to the arrival of the tagged task, the
conditional joint sojourn time LST is J ∗(θ1, . . . , θm | n) = ! m

i =1 T ∗i (θi | ni )
whereT ∗i (θi | ni ) =

" ∞
0 e−! i t dIP( Ti ! t | Ni = ni )1. In such networks, response
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time distributions can be computed iteratively through their LSTs using the
result that:

J ∗(! 1, . . . , ! m | l) = ! m
i =1 T ∗

i (! i | ni )IP(N = n | L (0) = l)

where bold type indicates vectors and the random variable L i (t) is the state of
node i at time t, so that the initial state is L (0) and Ni = L i (T−

i ) when the
tagged task arrives at node i at time Ti . Of course, if the Ni are independent for
i = 1, . . . , m, this reduces to the above result that J ∗(! 1, . . . , ! m ) = ! m

i =1 T ∗
i (! i ).

In queueing networks it is often the case that the node sojourn times depend
only on the queue length at the arrival instant, for example in the overtake-free
networks of [9], but the computation of the transient probabilities IP(N = n |
L (0) = l) is problematic; see [5] for example. If these probabilities can be found
(or avoided), the method applies in both open and closed networks; see the
above citations, for example.

In the present contribution, we apply a completely di" erent approach to the
computation of the LSTs of response times in Markovian networks at equilib-
rium, via joint sojourn time distributions, using reversed processes. The idea is
based on the observation that sojourn times are the same whether one considers
the forward process or its reversed process. When sojourn times depend only
on the state existing at a node at the arrival instant and the reversed process is
separable, i.e. a synchronising network of m reversed nodes, we can use the for-
ward sojourn time at node 1 and the reversed sojourn time at the last node m; a
recursive analysis allows us to consider only the case m = 2, nodes 1, . . . , m− 1
constituting a single aggregate ‘super-node’ in the recursion.

In the next section, we define our method and apply it to a range of queue-
ing networks, providing greatly simplified derivations that hold the potential
of automation through the reversed compound agent theorem (RCAT). Simple
properties of response times in G-networks, which are actually non-queueing net-
works with very di" erent response time characteristics [6], follow immediately,
and an alternative methodology is revealed in more complex cases. Generalisa-
tions are considered in section 4, focusing on a tandem pair of first-come-first-
served (FCFS) queues with Erlangian service times; note that in general, such
networks do not even possess a product-form solution. The paper concludes in
section 5 where future potential of the method is evaluated.

2 Node-sojourn times and reversed processes

First, let us consider the sojourn times spent by a task in a pair of nodes that are
connected in the sense that the task first sojourns in node 1, for time T1, after
which it proceeds to node 2 and sojourns there, for time T2, before departing
from the system. Suppose that the initial state of the system, i.e. that existing
immediately prior to the arrival of the task at node 1, is s0 . In many cases, e.g.
a pair of tandem queues, the state s is a pair, s = (s1, s2), where si describes
the state of node i only, i = 1, 2. We call such a state separable.

The sojourn time at node 1, T1 say, can be calculated as the first passage
time from the initial state to exit from the state in which the tasks departs
node 1. In general, this can involve arbitrary transitions in the whole system,
i.e. be influenced by the evolution of node 2 as well as node 1. However, often,
T1 is determined solely by the initial state and the evolution of node 1, as in
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the case of constant rate queues, for example. In this case, the conventional
approach to sojourn time analysis is to consider the state of the system at the
instant of the task’s departure from node 1 and use this as the initial state for
the sojourn at node 2; this may also (or may not, of course) then depend solely
on the evolution of node 2.

The properties we need to use this technique are therefore:

¥ The state of the system is separable, i.e. s = (s1, s2), where si describes
the state of node i only, i = 1, 2;

¥ The sojourn time of the tagged task at each node depends solely on
the node’s state at its arrival instant – implying that the node has the
‘overtake-free’ property of [9] which requires that the passage of the tagged
task through the node is not influenced by tasks at any other node;

¥ The sojourn time at each node can be characterised as a first passage time
in a Markov chain describing the node’s behaviour during that sojourn
insofar as it a! ects the tagged task.

Notice that the last point does not necessarily require the Markov chain de-
scribing the whole system or even the node: for example a transient chain
representing a queue with no arrivals is su! cient if the first property holds.
This is a traditional approach that was used to obtain the Laplace transform of
response time distributions in cyclic, tree-like and overtake-free networks in the
1980s [9, 2, 5].

Our alternative approach uses the observation that sojourn times are the
same whether one considers the forward process or its reversed process. Thus,
given initial state s0 = (s0;1 , s0;2) in a two-node network, we may take the
sojourn time at the first node in the forward process (conditioned on s0;1) and
the reversed sojourn timeat the second node in the reversed process, conditioned
on the state at the end of the two sojourns. Notice that the reversed sojourn
time is not necessarily dependent on only the initial state pertaining to the
second node (final state in the forwards process). Indeed, the reversed process
itself may depend on the joint state of the whole system, even if the forward
node was overtake-free.

Let the reversed sojourn time at node i be denoted by T̃i . Then the LST of
the joint sojourn time distribution can be written

J ! (! 1, ! 2) = EI [ EI [e" (θ1 T1 + θ2 ÷T2 ) | S(0)]]

= EI [ EI [ EI [e" (θ1 T1 + θ2 ÷T2 ) | T1, S(0)] | S(0)]]

= EI [ EI [e" θ1 T1 EI [e" θ2 ÷T2 | T1, S(0)] | S(0)]] (1)

where the random variable S(t) denotes the state of the system at time t . Now
suppose that the state vector is separable, so that S(t) = (S1(t), S2(t)) as de-
scribed above, and that the reversed sojourn time at node 2 depends only on the
state existing at the arrival instant of the tagged task in the reversed process.
Then we have

J ! (! 1, ! 2) = EI [ EI [e" θ1 T1 EI [e" θ2 ÷T2 | S2(0)] | S(0)]]

If further the (forward) sojourn time at node 1 depends only on its initial state
S1, we find

J ! (! 1, ! 2) = EI S1 ,S2 [T
!
1 (! 1 | S1(0))T̃ !

2 (! 2 | S2(0))] (2)
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To summarise, the conditions we need to apply equation 2 to a two-node
network are:

1. The state of the system separable;

2. The sojourn time at node 1 dependssolely on the initial state at node 1;

3. The reversed sojourn time at node 2 dependssolely on the initial state at
node 2;

4. The sojourn, respectively reversed sojourn, time at nodes 1 and 2 can
be characterised as Þrst passage times in Markov chains describing the
respective nodeÕs behaviour during that sojourn.

Conditions 3 and 4 are aided by a speciÞcation of the reversed process for node
2. This may be provided by the Reversed Compound Agent Theorem (RCAT),
which induces a systematic way to construct the reversed process of a separable
synchronisation between two Markov chains [3]; see the next two sections. Note
that the reversed response time in the second node is not, in general, a response
time in the same sense and may be hard to determine even if the reversed
process of the node is known, e.g. by RCAT. The above conditions can be
relaxed, according to equation 1, but the ensuing analysis is very much more
complex, involving the evolution of the joint state.

Paths of more than two nodes can be handled recursively, building a path
by adding one node at a time Ð at each stage, a two-node path is considered
comprising the current (partial) path as one node and the new node added as
the other. This method is powerful and derives all the known results on response
time distributions in overtake-free queueing networks, as we discuss in section 3.
Furthermore, it could open the door to non-queueing applications, but it must
be remembered that the above conditions are quite stringent, especially the
third and fourth.

In the next section we illustrate the new technique in queueing networks,
obtaining a concise explanation of several previous results. We then consider
further applications in section 4, comparing the conditions required with the
separable reversed process that may be given by RCAT.

3 Queueing networks

Queueing networks are relatively tractable since the M/M/1 queue isreversible,
i.e. its reversed process is the same M/M/1 queue Ð a result routinely derivable
by RCAT, but a well known fact anyway [8, 5, 3]. Moreover, the queue left
behind by any departing task comprises precisely the tasks that arrived during
its sojourn. Therefore, we have the following result:

Proposition 3.1 At equilibrium, the reversed sojourn time in an M/M/1 queue
has the same probability distribution as the forward sojourn time.

Proof In the reversed process, the initial state is the number of tasks that
arrived during the (forward) sojourn of the tagged task, n say. Consequently,
the reversed sojourn time is the sum ofn + 1 service times.2 Conditioned on

2This uses the fact that the residual service time of the task being served on arrival (i.e.
reversed departure) of the tagged task is distributed as a full (exponential) service time.
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Figure 1: Two M/M/1 queues in tandem and the reversed process

their respective initial states, therefore, the reversed sojourn time is equal in
distribution to the (forward) sojourn time. The result now follows since the
equilibrium probability distribution of the queue length immediately before an
arrival is the same in both processes, these both being an M/M/1 queue. ♠
The result of the previous section is now easy to apply, in both open and closed

queueing networks. We begin with a tandem pair and a cycle of two M/M/1
queues.

3.1 Tandem and cyclic pair of queues

Consider Þrst the tandem pair of queues depicted in Þgure 1 Ð the cyclic coun-
terpart is simply obtained by connecting the departures of the second queue to
the arrivals of the Þrst.

The forward and reversed nodes are both shown, and the forward response
time at node 1 and reversed response time at node 2 are illustrated, as per
section 2. Possible sample paths for the forward node 1 and node 2 processes
are shown in Þgure 2, which illustrate the passage of the tagged task through
the network. This arrives at node 1 to Þnd a queue of length 4 and, on departing
from node 1, Þnds a queue of length 3 at node 2. The traditional method of
analysis investigates such sample paths and needs to consider the (transient)
probability distribution of the node 2 queue length at the departure instant of
the tagged task from node 1.

In our alternative approach, we consider the sample paths in the forward
and reversed processes together, beginning in the same initial state Ð (4,8) in
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Figure 2: Possible sample paths for the queue lengths at each queue during the
sojourn of the tagged task
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Figure 3: Forward and reversed sample paths given initial state (4,8)

the sample paths shown in Þgure 3. For the forward response time at node 1 we
look to the right of the vertical axis and for the reversed response time at node
2 we look to the left. However, by equation 2, we only need to condition on
the initial joint state. Since forward and reversed sojourn times are identically
distributed by proposition 3.1, we have:

J ! (! 1, ! 2) = EI S1 ,S2 [T !
1 (! 1 | S1)T !

2 (! 2 | S2)]

=
∑

n1 ,n2 " 0

" n1 n2

(
µ1

µ1 + ! 1

)n1 +1 (
µ2

µ2 + ! 2

)n2 +1

The equilibrium probabilities " are the standard product-form solution [7, 5],
which is most easily derived by RCAT. In fact, an added advantage of RCAT
is that it constructs the required reversed process for node 2. Here, we already
know what this process is Ð the same M/M/1 queue Ð but we do not know this
for general nodes, even G-queues (with negative customers) [1, 4].

The above result generalises inductively to overtake-free paths in both open
and closed networks to give the following:

Proposition 3.2 For overtake-free pathz = ( z1, z2, . . . , zm) in a queueing net-
work of M nodes with state spaceS at equilibrium (1 ! m ! M ), the LST of
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the joint sojourn time probability distribution is

J ! (! 1, . . . , ! m ) =
!

(n 1 ,...,n M ) " S

" n 1 ,...,n M

m"

j =1

#
µzj

! j + µzj

$ n zj +1

where " n 1 ,...,n M is the equilibrium probability distribution of the network’s state
immediately prior to the instant of arrival of a task at any node.

Notice that " n 1 ,...,n M is well defined by the arrival theorem [5], being the same
as an open network’s steady state probabilities (at a random time point) or the
steady state probabilities of a closed network with population reduced by one,
depending on whether the network in question is open or closed, respectively.

In the case of open networks, " n 1 ,...,n M is a product of the form " 1(n1) . . . " M (nM )
where " i (ni ) = (1 ! xi )xn i

i for some constants xi , and so the result simplifies to

J ! (! 1, . . . , ! m ) =
m"

j =1

µzj (1 ! xzj )
! j + µzj (1 ! xzj )

This is consistent with the fact that in a tandem series of stationary M/M/1
queues with fixed-rate servers and FCFS discipline, the sojourn times of a given
task in each queue are independent. Interestingly, the proof of this result uses
properties of reversibility and so we include it as an appendix, [8]. There is
one obvious generalisation: the final queue in the series need not be M/M/1
since we are not concerned with its output. Also, the same result holds, by the
same reasoning, when the final queue is M/G/c for c > 1. This contrasts with
a similar result we get with our alternative approach in the next subsection.

In either approach, we observe that if service rates varied with queue length,
we could not ignore tasks behind a given tagged task, even when they could not
overtake, because they would influence the service rate received by the tagged
task. Except in special cases, therefore, constant service rates are required.

3.2 G-networks

Suppose we have a tandem network comprising an M/M/1 queue and a G-queue
that has an additional external arrival stream of negative tasks that remove the
last task in the FCFS queue when it is non-empty [1]. If the G-queue is the
first node, the conditions in section 2 are satisfied since the network is separable
(by RCAT [4]), the second node is a reversible M/M/1 queue and the response
time in the first queue depends only on the initial state. The response time
distribution therefore has LST which is the product of that for the G-queue and
that for the M/M/1 queue with arrival rate equal to the positive throughput
from queue 1, i.e. the product of the external positive arrival rate and the
probability of a task not being ‘killed’.

Now suppose the G-queue is the second node, node 1 being M/M/1. The
network is still separable and the sojourn time at the first node depends only
on the initial state. However, the reversed (and forwards) sojourn time at
the second node depends on the evolution of the first node since synchronised
transitions with it influence the passage of the tagged task.3 The reversed node

3In the forwards process, arrivals from the first node o! er protection from the negative
arrivals at node 2; see [6].
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2 process can be determined using RCAT and, given initial state (n1, n2), the
reversed response time is the time for n2 + k departures to take place, given
k ≥ 0 reversed negative arrivals (that increase the reversed queue length). This
is a complex, transient calculation, analogous to that of [6]. The case with both
nodes being G-queues is even more complex, the actual solution involving a
Fredholm integral equation of the second kind.

It is interesting to note that the separable case has the G-queue as node 1
whereas an M/G/1 queue must be second when paired with an M/M/1. This
was highlighted as unexpected in [6] but is routine to show in the new approach.
Notice that if an M/G/1 queue were paired first with an M/M/1 queue, with
FCFS queueing discipline, the network is not separable – it has long been known
that no product-form then exists for the equilibrium queue length probabilities,
and the conditions of RCAT correspondingly fail.

4 Generalised networks

The most obvious route to finding a new separable response time distribution in
a network of two nodes requires that the network satisfy RCAT (so the reversed
process is separable) and that the reversed sojourn time is tractable at the
second node. This is not going to be an easy task since the first requirement
would itself imply a new product-form. Nevertheless, suppose the first node is
a queue with Erlang-2 service time (sum of two identical exponential random
variables) and the second M/M/1. The reversed sojourn time at a reversed
M/M/1 queue poses no problem, as above, and the sojourn time distribution in
node 1 can be calculated as a mixture of Erlang distributions, using the initial
steady state queue length probabilities. However, these probabilities are not
simple, nor even known in closed form, and worse still, RCAT does not apply,
so the network is unlikely to be separable.

We therefore seek to find a modified network which satisfies RCAT, for
example creating additional external arrivals at node 2 by ensuring that all
states in node 1 have an incoming, active, synchronising action type, using
invisible actions [4]. If such a modification can be found and RCAT satisfied,
the joint sojourn time distribution would indeed follow; the work proceeds.

5 Conclusion

Response times distributions – more generally, joint node-sojourn time distri-
butions – can be derived much more simply and generally than previously using
the reversed process of a separable network. In this way, most of the known
separable solutions for the LSTs of response time distributions in queueing net-
works can be obtained. Moreover, many other special cases of product form
solutions can be explained. Although it appears problematic at present to find
completely new separable solutions, the methodology provides a handle for such
problems and certainly is conducive to automation. In fact, new product-forms
for equilibrium state probabilities could provide a basis, since they would at
least, via RCAT, provide the right, separable reversed node processes.
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A Appendix: Proof of independence in tandem M/M/1

queues

Proposition A.1 In a tandem series of stationary M/M/1 queues with Þxed-
rate servers and FCFS queueing discipline, the sojourn times in each queue of
a tagged task are independent.

Proof First we claim that the sojourn time of a tagged task, C say, in a
stationary M/M/1 queue is independent of the departure process before the
departure of C. This is a direct consequence of the reversibility of the M/M/1
queue.

To complete the proof, let Ai and Ti denote CÕs time of arrival and sojourn
time respectively at queuei in a series ofm queues (1≤ i ≤ m). Certainly, by
our claim, T1 is independent of the arrival process at queue 2 beforeA2 and so
of the queue length faced byC on arrival at queue 2. Thus,T2 is independent of
T1. Now, we can ignore tasks that leave queue 1 afterC since they cannot arrive
at (nor inßuence the rate of) any queue in the series beforeC, again because all
queues have single servers and FCFS discipline. Thus,T1 is independent of the
arrival process at queuei before Ai and so ofTi for 2 ≤ i ≤ m. Similarly, Tj is
independent ofTk for 2 ≤ j < k ≤ m. ♠
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