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and one place pblil’iz’"'id contains the capacity of the internal buffer, where ;' = l,_d ,

n' =1,2. Notice that the internal buffer is represented by the set of places pbj.l,’;zy""id
(one place for each port) to distinguish the number of the destination port given by
indices j',n’.

The transitions of the device R+ provide the redirection of the input

packets from an input port buffer place pi;-l,’,iz""id into one of the internal buffer
places pb?,’;z,"“id ,j'# j,n'#n and then the transmission of the packets from the

. iyyi e i)yl el
internal buffer place pbj,’n, to the output buffer of the target port PO

Moreover, the limitations of buffers capacities should be taken into consideration:
check and decrease the buffer size at putting the packet into the buffer; increase the

buffer size at getting the packet from the buffer. So each port portjl,’,?"“’id of the
device R2% s supplied by N port = (N pore —1)+1 following transitions:

- one transition for the output channel to?,’,iz""id with the input arcs from places
pb;‘,’,?"“id , pol‘?’#’"'id and the output arcs to places po;‘,’riz"”id , pblil’iz’“'id ;

1 transitions #'1°27% , j’:l,_d, n'=12, j'# j, n'#n for the input

= Nport Jonsj'sn

channel with the input arcs from places pi;l ’,’f""id , pblil’iz"“id and the output arcs to

[ P A
places pbj,,n, , pill}

The formal parametric description of the net Hy ; is the following:
(tij’n,j,,n, :pij,n,pbl - pbj,,n’,pilj,n)
'=1d, n'=12, j'#j, n'#n ,j=lLd,n=12 (1)
(toj,n :pbj’n,polj,n —)poj,n,pbl )
If the net H, is considered as a model of the device R"2>+14 in the hypercube
structure, the upper indices of its hypercube cell should be added:
(tiil’iz"“id Aol seidy ’pblilaiz’"'id N Pb.?':ilzr"“id ’pl-l;l:nizwfd )

N

'=1,d, n"'=12, j'#j, n'#n; ,j=1d,n=12].
iigsdy . iiigedy iy iy iy iy gy iy iy iy
(toj’n : ij,n ,polj’n - pojy, , pbl )

The notation of the transition connections in the form
L PX1yeeey PXyy —> PV]seees PV
is widely used for Petri nets, for instance, in Tina[8] software. It means that transition
¢t has input arcs from places pxj,..., px,, and output arcs to places pyy,..., py, , where
u,v are the numbers of input and output places correspondingly. If necessary, the
multiplicities of arcs are added using the notation p; *I, where [ is the multiplicity

of the corresponding arc connecting p; and ¢ .
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The net represented by (1) is called parametric Petri net because its description has
the parameter ! for the calculation of the elements indices. The size of the net " | |

is unlimited and represented by the parameter ! .
The parametric model " | ;#is illustrated by the examples for the following

concrete number of dimensions ! ! 2,3 shown in Fig. 1. It is rather difficult to
visualize models for larger numbers of dimensions.

X,
port,,
port,, port, ,
port,, N
Xl
pon},z \\\\\
Xl port;,
pOI’t“ port;, port, y & -i\,,v
' "
bﬂ%ﬂ[.‘m‘—'
X I"'r v'
port,, * "V/)
aaaa /,»Y(
b) n 3’1
Fig. 1. Examples of parametric model " | | for ! ! 2,3.
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IS068. ()96 (&F+", -, /I0&%1(*%,&"23'%13"4,536"

Using the parametric description (1) of the communication device model " | ;

given in the previous section the following system was constructed for the calculation
of p-invariants:

Ftgn: Y&y (( Y0&Hu(y ' Y&y ( Y&)N
I
i# 50 st 081 ( %0&)( %6&3gual %0& Gy, @
1 — J—
n$ L, # L2, WL, #E 1,2, 0% #&OH
Notice that the system (2) has parametric form; its parameter is the number of
dimensions ! . System was constructed directly on the description (1) using the usual
rule [5] that each equation corresponds to transition and contains sums for its input

and output arcs, which are equal. Sums should be calculated using the multiplicities of
arcs but all the arcs of (1) have the multiplicity equaling to unit.

The total number of system (2) equations is , !*,1 "4 2,
The total number of system (2) variables is , !&1 " 10)! (1.

To study p-invariants of the model for any number of dimensions the system (2)
should be solved in the parametric form. The obtained parametric solution of the
system (2) has the following form:

(&g &lg) $ LI, #' 12
T(&tgy, &tgy), $ LY, #' 12
“(8)((&gs $ LI, #'12)
-(&) gu> &'gi> &tg), $ L, #'12)
“(&)((&(gm &H+r), $ LI, #' 12))

The way of the solutions description is common enough for sparse vectors and
especially for the Petri net theory. Only nonzero components are mentioned by the
names of the corresponding places. The nonzero multiplier 1 is omitted; in case it is
not the unit, the notation &* %is used where 9 is the value of the invariant for place

3)

4 kX Ok Ok X X X ¥

&. Such notation is adopted in the Tina software [8] which was used for obtaining the
Petri net figures in this paper. A line of the matrix (3) gives us a set of lines according
to the used indices ', $, # except the last two lines which contain variable number

of components given by indices.

A heuristic algorithm was employed for the construction of the matrix (3) but
further the proof is presented that (3) is a solution of (1). The fact that (3) is the basis
solution is not required for the conclusion about p-invariance of " | ;.

The total number of solutions in the matrix (3) is , !&'1#' "4l (3.

73//("89 Each line of the matrix (3) is a solution of the system (2).

Proof. Let us substitute each parametric line of (3) into each parametric equation
of the system (2). It gives us the correct statement. At the substitution, the different
names of indices are chosen. For instance, let us substitute the fourth line of (3)

(&) & &% ) (L1, . " 12)
into the second equation of (2)
%84 ( &) %&gue( %&Ey, $' 11, #' 12, ® L1, #& 12, KNG #%#.
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M #$%&'()%(&*+",-"./0"

Using the abstract description of the communication hypercube model #- ,
given in the previous section, the following system is constructed for the calculation
of p-invariants:

%...% . %...% %.....% %.....% %....%

B0, 5 o R 0000 % (0

| % ... % %....% %...% %....%
s 0% (0% 060, g™ ( 0o,

?_*t‘xqz...,% ,,,,, % 0. %2...,% ,,,,, % ( 0%3@1,,.,%(1 ..... % %()%)4?..,%(1 ,,,,, % (0 %....%.,..., %’ (5)
%...,%.,...,% %...%( 1,....% %....%,...% %....%,...% %...%( 1,...%

T 0 T (e B e, BT (e ,

b "od,", od,", &%2, &', &&& %%!, $%.".

The total number of system (5) equations is . « | %4)" 2 )! )
The total number of system (5) variables is . )  %(6)" (D)! " (") B

The obtained parametric solution has the following form:

%...,%,...,.% %...,%,...,% —_— P —_
9()%{“l 7 ,)%.4?1 P oL, (%Lt $%L", $&'), %%l (1
' %...,%,....% %..%,...,% — —_— —_
.()*,4?1 %o, ,)*Jj SO, (LT, $O%LT, $&). % %L (L
O %, W ol 8%1,2), % %L, ST

(O M %12, 6T % LTS 96T, (O ) I T g LS WL (g

+

%...,%,...,% %...,%.,...,% — — —
(OO % ) B0 o ogodi T, ST, S&°, %% (1))
(O T Oy ), 0T, g oeLT, 9L,

%...,%.,...,.% %...,%.,...,% —_ —_— —
(%0 e Mo B0 o og ol T, ST, &7, %%l (1)

St b+ +

The total number of solutions is . «, %(1( 2)"))! (2)" )" '(2.

1233("45 Each line of the matrix (6) is a solution of the system (5).
672,)23"85 The net #+  is a p-invariant Petri net for arbitrary natural numbers
R

>

The proofs of Lemma 2 and Theorem 3 were done in the same way as for the net
#u 1 (Section 3).

9" %8&<"=,;2>+",-"62)3%&(>"22'% @2+"

The communication devices are attached to each other constituting a
communication structure but they are created only for the packets transmission among
the terminal devices: workstations and servers. In the present work, the client-server
technique of interaction is not studied, so the types of terminal devices are not
distinguished. An abstract terminal device provides at least two basic functions: send
packet and receive packet. These basic functions are implemented in the model
represented in Fig. 3.

The model contains an internal buffer of the packets /, ; transition 0%models the

receiving of the packets, while transition 0 models the sending. The model keeps
the balance of input and output packets; the limitation of buffer /, size is not

considered.
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is zero. So the device cannot send packets. Notice that marking of %&l %' cannot

be changed because ( %" s blocked.
Non-simple cycles of *+ | ) represent deadlocks also. For instance, if device

(1eset et Belongs to two simple cycles and it got two output arcs directed to
( oo and ( L it means that ( RECRERE TR blocks itself
and ( "],~~~,~~~,"é,~~~,”v ,...,"! ) ( "1,...,...,"$,m,"1! ’M’"! are blocked alSO. In thlS case
( T80t plocks itself having -g packets directed to ( T, and
- packets directed to ("I e §re e , where -g#- "', and moreover each

corresponding output port buffer of ( ores'soes’ ot Gontaing a packet when -¢ $0
(-, $0). Inductive reasoning gives the proof for ! simple cycles.

The other kind of deadlocks is induced by the isolation of a device by deadlocks
containing all its neighbor devices. It can be done with one simple cycle as well. For
instance, in *+ 3, the following cycle ( 19, , ( 198,5#1.%5 , ( 1,2#1 ,
( "19"2#19"3#1 R ( "15"2="3#1 R ( "1#13"2’"3#1 s ( "1#1’”2’"3 R ( "1#1’"2%5"3 R ( "19"2 %’"3 R ( "1’"2 %3"3% R
( 172,5% , ( 194559 , ( 182 contains all the neighbors of ( 1723 ( ( 1,5 ,
( "15"2 #1’"3 R ( "1 ’"2 ’"3 #1 s ( "1 #1?"2 7"3 s ( "1 ’"2 %’"3 R ( "l ’"2 ’"3% ), SO the deViCe ( lI]’"2 ?"3 iS
blocked because of isolation. The isolation of a node can be generalized on the
blocking of a simple chain by the isolation of its last node.

So a deadlock is a chain of blockings where the last node is blocked because:

1) it coincides with the first node;

2) it belongs to other deadlock;

3) itisisolated by other deadlocks.

It is very significant that occurred deadlocks create more possibilities for new
deadlocks occurring. So the process has avalanche-like character. A full deadlock
involving all the devices (and all the transitions) occurs when cycles (chains) contain

all the devices in the hypercube. It requires at least (' #1) & ! packets provided by the

terminal devices. But if isolations of devices occur a little number of packets is
required.

In spite of the fact that rather sophisticated hypercube communication structures
were studied, the described deadlocks in the chains (cycles) of blockings and
isolations are hard-nosed for real-life communication graphs, where devices with the
compulsory buffering are used. We believe that these deadlocks may be purposely
inflicted by the specially situated generators of the peculiar traffic. In real-life
networks, the blocking of the devices is overcome with the time-out mechanisms
causing the cleaning of the buffers but it leads to the considerable fall of the network
performance as soon as the situation is repeated by the special generators of perilous
traffic.

8 Conclusions

Thus, in the present paper, the technique of the linear invariants calculation for
parametric Petri nets with the regular structure was presented. The technique was
studied on the example of a communication hypercube of an arbitrary size with an
arbitrary number of dimensions.
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