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Abstract

Modern, complex computation and network tra ! c patterns demand
sophisticated modeling representations which capture detail of both tim-
ing and magnitude of processing and communication activity. Batched
queuing models aim to achieve this by including stochastic unit and non-
unit transitions between queue lengths at instants generated by Markov
modulated Poisson processes. It has previously been shown that an MMPP
may approximate a general interval distribution to arbitrary precision. We
now describe how a general batch size distribution may be approximated
using superposition of compound Poisson processes with real and complex
distribution parameters, these latter taking the form of imaginary distri-
butions, which sum to give real, positive distributions. We explore the
construction of probability ßux patterns in the continuous time Markov
chain which can be used to approximate general batch transaction mod-
els. This may be preferable to the heuristic solution spectrum truncation
common when analysing arbitrary batch transaction size distribution with
a more traditional matrix analytic approach.

1 Introduction

The continuous time, discrete state Markov modulated queue is one of the most
thoroughly research performability modeling entities. Time intervals in real sys-
tems can be matched by using phase-type distributions, or more general Markov
arrival processes, each of which synchronizes a transition in the queue with ab-
sorption in a transient Markov chain. Such distributions can approximate any
distribution given su! cient states in the chain. The the gap between provision
of this capacity and implementation in a practical system lies in the establish-
ment of an e" ective and stable matching approach, many of which have begun
to emerge recently.

«Eltetýo, R«acz and Telek have described the use of minimal coe! cient of varia-
tion matrix exponentials in the approximation of deterministic time intervals [8].
While the particular approch to generation of these continuous distribution ap-
proximations has not yet been proven, a small class has been successfully for-
malized more recently [11], and the value of such results is beyond question.
They describe modal and oscillatory terms which arise from the eigensystem of
the matrix, and these can be used to build interesting distributions if a suitable
matrix can be formulated with the required eigenvalues.
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In addition to a requirement for control over time interval distributions,
it is also desirable to match real distributions of transaction sizes, commonly
called batches. We may require large, deterministic batch transaction sizes
in a queue, while retaining e! cient solubility. We have previously formulated
a means by which queues with geometrically distributed batch sizes may be
solved, and this is achieved in a directly soluble discrete state, continuous time
Markov modulated queue which already involves mathematical entities closely
related to those discussed by«Eltetýo et al. The present work relates to the
formulation of queues based on geometrically distributed batch transaction sizes.
These are discrete state, continuous time Markov modulated queues in which
the probability of transitioning between two queue levels is a sum of terms
geometric in the jump size. We will refer to this simply as a geometrically
batched queue. The novel formulation in batch size distribution provides the
means by which arbitrary distributions may be constructed. It is well known
that any waveform may be approximated by a superposition of a number of
sinusoids (consider the work of Fourier, and the discrete cosine transform in
signal analysis work). Since we provide oscillatory terms, this introduces a
similar degree of ßexibility in transaction size distribution to that introduced
in time interval by Markov modulation. There are also opportunities for coarse
approximation using simpler modal terms.

In this paper we describe the formulation and preparation for solution of a
class of queues with batched arrival, departure and removal processes deÞned on
bands of queue lengths, with parameters chosen to reproduce non-monotonically
distributed batch sizes. We add to the state of the art by introducing batched
processes to banded queues, and by identifying and quantifying the opportunity
to produce non-monotonic batch size distributions.

2 Background

Work on the construction of geometrically batched queues for direct solution (in
contrast to a maximum entropy approach introduced by Kouvatsos [13]) took
o" with an ATM model by Harrison and Chakka [15], with exact solutions using
spectral expansion as espoused by Mitrani and Chakka [12]. This was later de-
veloped to incorporate a negative customer arrival process [16]. This important
step introduced the concept of superposition of departure processes in the pro-
cessing completion and customer removal due to negative customers. Chakka
and Harrison then provided proofs of the correctness of localized equations for
a canonical geometrically batched queue [17], and with positive and negative
customer arrivals [4]. In the same year, HarrisonÕs MEGAN research project to
investigate the use of geometrically batched queues in networks began. Harri-
sonÕs concept of a geometrically batched node with superposed arrival streams
and link tra ! c approximated as a compatible process led to a successful im-
plementation of a processor-farming network model with multiple queues and
feedback [10]. As part of this process, the formulation approach for the queue
itself underwent a radical change, resulting in an automated process which will
formulate Þnite balance equations for a geometrically batched queue with an
arbitrarily complex description [20].

Concurrently with our dissemination of this automated approach, Chakkaet
al provided important example applications, with the addition of a more com-
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plex processing description, using the original approach of hand-crafting the
equations [2, 3, 6]. We successfully implemented an important enhancement to
the queue formulation Ð proposed by Chakka Ð in which queue length depen-
dency is approximated by deÞning processes in bands of queue length, with a
clear demonstration of the improvement of accuracy by comparison with simu-
lation [18] using geometrically batched queues in a network with tight feedback
to emphasize the value of the banding. Do, Chakkaet al have used anun-
batched banded queue to model a web service [5]. We believe this to result from
the prohibitively high complexity of their preferred approach to balance equa-
tion localization. We present here an imperative approach which represents an
addtional simpliÞcation of the recursive approach we Þrst presented in [20].

We, in common with Chakka and co-workers, have consistently used spectral
expansion as originally advocated by Mitrani and Chakka [12] due to its explicit
presentation of the independent componenets of the behaviour of the solution.
The controversy surrounding this decision - which may have contributed to the
delay in the material from [2] reaching a journal [1] in an updated form - has
been resolved [19]. The choice of solution mechanism is now open, and depends
more on the precise form of the queue, and the context within which it is to be
used. Chakka [1] explains the spectral expansion method clearly, so we refer to
this with some addition of detail relating to the solution of banded queues.

3 Probability ßux geometrically distributed over
jump size

The present development of the automated approach enables us to view the
geometric terms in a more abstract manner. In [1], for example, the queue for-
mulation is prepared in terms of superposed streams of customer transactions.
It is also reiterated that this superposition can act to approximated hyperexpo-
nential distributions. However, when we view the batch transaction process, we
note that the single requirement for validity is that the total probability of tran-
sition is constant. This frees the use of the geometric terms to be a basis set for
constructing any distribution we desire, so long as the result is always positive.
This is exactly the same premise as used by T.«Eltetýo et al when describing
freely deÞned time delays constructed from the eigenvalues of the matrix ex-
ponential. In that case, the problem of matching a real process is complicated
by the freedom of expression in the matrix exponential. In our case, we may
directly state the components. These may be complex conjugate pairs to evoke
a real oscillatory term, or negative to contribute to a modal distribution.

One advantage of this approach is that we now have a method for con-
structing a class of queues for which there is a wide range of results relating to
measures of sojourn time and reward, which can be extended to encompass the
new formuation. Another is that this work complements recent forays into al-
ternative representations for queues, including the Fokker Planck equations [7],
by bringing us closer to matching arbitrary network node work patterns - in
terms of both time delay and task magnitude. An important consequence of the
simpliÞed, mechanical process we describe for providing Þnite Chapman Kol-
mogorov probability ßux balance equations is the ability to rapidly prototype
novel queues which can be solved for equilibrium state occupation probabilities,
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and hence analysed for further measures, and incorporated into networks.
We have recently analysed the character of the eigenspectrum of the equilib-

rium solutions for Markovian queues [19], revealing that the spectrum size can
be controlled if a certain constraint is placed on the formulation of the queue.
If the transition processes between queue lengths for any given parameter se-
lection phase comprise a sum of geometric series in the jump size, then the
spectrum size is Þnite, and can be calculated based on the queue description
before solution is attempted. We do not claim that this is the only satisfactory
constraint, but it has proven su! cient. This constraint is satisÞed by the class
of geometrically batched Markov modulated Poisson process queues.

4 Queue balance equation formulation

The total steady state vector of a queue, dotted with the jth column of the
instantaneous generator matrix of the queue is commonly shown in the following
form:

f∑

i=1

v j−1pFi + v jp(L) +
b∑

i=1

v j+1pBi, where L = Q−D(
f∑

i=1

Fi −
b∑

i=1

Bi)

Where v j is the vector of state occupation probabilities at queue lengthj for
each modulation state. When this term is set equal to a vector of zeros of the
appropriate length, it provides a Chapman Kolmogorov balance equation for
the queueÕs steady state. Throughout this paper, we omit showing the equation
of such probability ßux terms to a zero vector.

Matrices Fi hold the probability ßux rates for a jump size of i due to arrivals.
Similarly, Bi give processing completions or removals (for example, due to neg-
ative customers). These matrices are not always diagonal, for example when
phase type or MAP processes are used. To introduce our particular formulation
of such a queue, which is less general because of the constraint on the form of
the matrices F and B, but guaranteed soluble with a Þnite eigenspectrum of
calculable size. In [19] we prove that the eigenspectrum size can be a barrier to
solubility. We consider a general formulation of the balance equations within
the class of geometrically batched queues.

Let us consider three main forms of geometric component for constructing
batch transaction size distributions, in common with much previous work on
the geometric queue. We reproduce the expression from [20] which deÞnes the
Chapman Kolmogorov probability ßux term for any queue length in an MM
CPPk/GE k/kc/L G k queue (i.e. k processors of same rate):

pj =
j−1∑

i=0

v i

[ ∑narr

k=1 " k(1− # k)fj<L # k
j−i−1

]

+ v j

[
Q−

∑narr

k=1 " k fj<L

−
∑nkill

k=1 K f((j>! b)∨hp )! j −
∑nserv

k=1 Ck,j

]

+
L∑

i=j+1

v i

[ ∑nkill

k=1 Kk(1−Rk)fj> ! b Rk
i−j−1 f (j≥! b)

∨(hp∧i=j+1)

! i

+
∑nserv

k=1 Ck,i(1− $ k)fj>c −1$ k
i−j−1 f (i=j+1)

∨(j≥c−1)

]
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This describes the probability ßux at any queue length. We now describe
the formulation of this expression, progressively introducing the terms. We see
that the queue can accommodate geometrically batched occurrences of both
arrivals and processing completions. Formally, we have transitions within the
queue whose vertical component (increasing or decreasing queue length) has
size s with probability (1 ! θ)θs! 1, and the horizontal component is zero. As
with the rates ! and M , we write the batch parameters in matrix form, where
" is the diagonal matrix of geometric arrival batch size parameters (θ) and #
similarly for service batch size parameters (φ).

Each processorÕs Poisson completion intervals can be given by a matrixM ,
with batching described by the matrix # . To incorporate multiple homogeneous
processors, the processing rate matrixM is replaced by Cj = min( j, c )M at
queue lengthj , with the batch matrix # remaining unchanged. If all processors
are busy, then service batches can clear jobs down to levelc ! 1 inclusive; i.e.
there is unboundedbatch ßow to levels c and above, andbounded(truncated)
batch ßow to c ! 1. If any processors are idle, then the processing batch size is
exactly 1, as there are no jobs in the waiting room, and a processor can only
clear its own job in service.

We use a switching termf (P) which is equal to 1 if predicateP is true, and
zero otherwise. The switchf j>c ! 1 bounds downward ßow at levelc ! 1. The
term f ( i = j +1) " ( j # c! 1) selects valid ßows, which are batches from anywhere in
the waiting room to just below c, or single jobs from a single processor.

We treat breakdowns and repairs (in the sense of Mitrani and Chakka [14])
by allowing the number of processors to vary from 0 toc across the modulation
phases. Thus the number of phases associated with the processing description
is N = c + 1. This is introduced into the left-hand side expression by replac-
ing references toc with the vector ( c1, . . . , cN ) of the numbers of operational
processors in each modulation state.

The switching term FP (m ) is a diagonal matrix of values whosei th diagonal
element isf P ( i ) . We deÞne the result of raising a square matrixA to the power

B with the same dimensions to be a similar matrix of elementsabi,j

i,j . (In fact all
matrices operated upon here are diagonal.) Also, themth element ofCj is now
min( j, c m )µ, where cm = ( m ! 1). We combine breakdowns and repairs with
modulated arrivals by the standard technique of taking the Kronecker product
of the independent modulation matrices.

Rate matrices with o$ diagonal elements describe simultaneous queue length
changes with queue modulation phase transitions. These are used to create
phase-type and MAP processes.

Negative customers create additional probability ßux downward in the lat-
tice, corresponding to queue length decreases due to customer loss. This is used
to model network phenomena such as losses and to approximate load balancing.
As well as specifying the Poisson rate and batch size parameters in matricesK
and R respectively, a killing mode has to be chosen. We consider three modes:
t v or Òtail vulnerableÓ removes a job from the tail of the queue even if it is in
service, ts or Òtail safeÓ removes a job from the tail of the queue but not when
in service, and hp or Òhead perÓ which removes a customer from the head of the
queue (in service) at an independent but equal rate per processor, leading to a
lower loss rate when some processors are inactive.

Killing mode t v is the simplest, as it can kill any job in or out of service,
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and the batches are bounded only at level zero. Mode ts is bounded at levelc,
as it cannot kill any job in service. Mode hp causes ßux identical to processing
completions.

Queue length! b is the lowest level reachable by killing,i.e. ! b
m = cm f ts +

(cm − 1)f hp , at which batch killing is truncated. We deÞne the mth diagonal
element of the killing factor matrix at level (queue length) j , " j = min( j, c m )/
maxm (cm ) for hp killing and cm / maxm (cm ) otherwise.

To add multiple processes, we augment the arrival term to reßect a sum of
streams, for examplenarr is the number of arrival streams. This introduction
of sums of streams is also performed for processing completions and negative
customers to create a more general balance equation.

Queue length dependency can be approximated by deÞning the component
processes according to bands of queue length. Every term in the ßux expression
can be indexed according to its band to select the appropriate entries. Note that
this includes Q the modulator. Each such band exhibits its own repeating region
with a distinct eigensystem. The simplest way to add this to the expression for
the balance equation is to modify the term indices to include the queue length
from which their probability ßux is sourced. In the following analysis, we also
allow for the presence of Þnite jumps in the system.

5 Localization

Geometrically distributed customer batch sizes are unconstrained in size, so
the matrix recurrence relation in the balance equations for a queue using them
can be of inÞnite order. To enable the solution of such problems using spec-
tral expansion or matrix geometric methods, we introduce a novel variant of
an algorithm introduced in [20] that automatically transforms the problem into
an equivalent whose repeating region is described by Þnite probability ßux bal-
ance equations. We refer to these transformed equations aslocalized equivalent
balance equations.

Localization of these equations is achieved using a similar trick to that em-
ployed in Þnding the value of an inÞnite geometric series, namely taking the
di! erence between the series itself and a copy scaled by the geometric factor.
Terms di! ering by the appropriate factor are found in the coe" cients of prob-
ability ßux terms for neighbouring queue lengths. The range of resulting equa-
tions arises from the pollution of the otherwise geometric series Ð which are
eliminated Ð by any constant terms around the focus of the balance equation
(such as the modulatorÕs instantaneous generator equation), and the innermost
terms of the series persisting from previous eliminations.

When we eliminate the terms arising from other bands, the geometric series
in the coe" cients of the vector SOPs begin at a given queue length, with the
result that there are no remnants. Thus, it is not necessary to write down
terms from a neighbouring band, except in balance equations which will span a
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boundary between bands when localized.

pj−1 = . . .vj−3[F2 + ! (I − " )" ]

+ vj−2[F1 + ! (I − " )]

+ vj−1[L ]

+ vj [B1]

+ vj+1[B2] . . .

pj = . . .vj−3[F3 + ! (I − " )" 2]

+ vj−2[F2 + ! (I − " )" ]

+ vj−1[F1 + ! (I − " )]

+ vj [L ]

+ vj+1[B1] . . .

pj−1" − pj = . . .vj−3[F2" − F3]

+ vj−2[F1" − F2]

+ vj−1[L " − F1 − ! (I − " )]

+ vj [B1" − L]

+ vj+1[B2" − B1]

Note that the geometric terms have disappeared, leaving only the constant terms
unrelated to the geometric series of" scaled and mixed. We now show the
removal of processing completion batched from a separate band at higher queue
lengths. We simplify the presentation by using the case where we have only
unit constant transitions Ð or one batched process already localized in either
direction Ð other than the batches from the band. These are un-indexed for
clarity.

pj = vj−1[F ] + vj [L ] + vj+1[B ]

. . . + vj+k[M (I − # )# k−1]

+ vj+k+1[M (I − # )# k] . . .

pj+1 = vj [F ] + vj+1[L ] + vj+2[B ]

. . . + vj+k[M (I − # )# k−2]

+ vj+k+1[M (I − # )# k−1] . . .

pj − p(j 1)# = vj−1[F ] + vj [L − F # ] + vj+1[B − L# ]

+ vj+2[−B # ] with no peripheral terms

This transformation is simple matrix arithmetic. Each such transformation
employing a pair of ßux descriptors removes a single geometric series. Therefore
to remove a number of geometric series, we perform this elimination a number of
times. Since each ßux descriptor contributing to an elimination may itself be the
result of one or more eliminations, this process is recursive. This is clearly seen
in [20], in which we provide a recursive operator which interrogates the algebraic
ßux descriptor to generate elimination factors. We have since realised that the
problem is rather simpler if we construct the algebraic expressions ourselves,
since we know the" , # and other such geometric termsa priori . In essence,
we use the formpj−1" − pj to eliminate upward ßux from a ßux expression
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at queue length j, and the form pj ! pj +1 ! to eliminate downward ßux terms.
We only di" erentiate between the geometric terms! as a visual reminder of
the direction of the ßux involved. Recall that these ßux expressions are to be
equated to zero in the solution to the queue, so these transformations are full
rank as described because it is a simple column operation (recalling that we are
working with left vectors).

Aside: it is interesting to note that the ÒrateÓ terms from exogenous band
geometric terms do not appear in the localized expressions. However, the rate
terms from all the equations are linked by their appearance in the use of explicit
balance equations at boundaries between bands.

5.1 Parameters of the localization

In this glossary of deÞnitions, an upward process increases queue length, and
a downward process decreases it. For all diagonal matrix terms, appending an
additional subscript creates a reference to the corresponding diagonal element.

r is the number of bands in the queueabovethe processor Þlling region, which
we refer to as the queueresolution. Bands are thus indexed onb, 0 <= b <= r.

kb, is the queue length at the top of bandb. Bands are numbered from zero.
The zeroth band is by our convention the processor Þlling region.

db is the number of inÞnite geometric series associated with downward pro-
cesses deÞned by bandb.

ub is the number of inÞnite geometric series associated with upward processes
deÞned by bandb.

! (b)
p , 1 <= p <= db are the geometric term matrices for downward processes

deÞned by bandb. These may or may not have been packed as described later.
# (b)

p , 1 <= p <= ub are the geometric term matrices for upward processes
deÞned by bandb. These may or may not have been packed as described later.

u( l )
b is the maximum range of Þnite local upward transitions deÞned in band

b. It is essential to remember that these will cross band boundaries.
d( l )

b is the maximum range of Þnite local downward transitions deÞned in
band b. Again, these will also cross band boundaries.

u( ! )
b is the total number of geometric series deÞned in independent matrices

(which may or may not have been packed as deÞned below) in bandb and from
all lower bands which land in band b. This excludes Þnite local transitions.

d( ! )
b is the total number of geometric series deÞned in independent matrices

(which may or may not have been packed as deÞned below) in bandb and from
all higher bands which land in band b. This excludes Þnite local transitions.

These terms provide the necessary measurement to correctly select the num-
ber of balance equations required in the elimination process, the number of
coe$ cients to enumerate and process, and hence to predict the range of queue
lenths involved in the resulting localized balance equation, and the number of
associated eigenvalues in the solution.

5.2 Preparing for localization

We outline the procedure for mechanically generating a balance equation for
queue length j. Begin by populating an array A with the matrix coe $ cients
of v j " x through v j + y which appear in the unlocalized probability ßux vector
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expressions for queue lengths j ! u through j + d. x + 1 + y is therefore the
range of queue lengths covered by the transformed matrix balance equation due
to locally generated and exogenously generated infinite geometric series, and
local finite jumps. From the terms detailed above, x = u!

b ! f (j = kb" 1 + 1)ub,
y = d!

b ! f (j = kb)db and u = x + u( l), d = y + dl , where f (P) is a switching
term of the same form used in the defintion of the balance equations, equal to
one if P is true, and zero otherwise.

We suggest that the columns pertain to a given balance equation so that
they resemble the example eliminations we provide above. This means that the
array resembles a rectangular excerpt from the instantaneous generator matrix
for a whole queue commonly depicted in works relating to the matrix analytic
approach. So, Ai,j is the coe! cient of v i in the raw balance equation for queue
length j .

This procedure does not explicitly acknowledge the presence of processes
defined on bands of queue length. These are encoded entirely in the balance
equation expression - for example that given earlier for pj - and the calculation
of a number of terms, including the position and extent of the elimination win-
dow (the array we populate with coe! cients), and the provision of an array of
diagonal matrices signifying the geometric terms.

5.3 Compaction of problem parameters

This elimination process allows for a system in which all the diagonal elements
of the geometric terms are non-zero. Any zero values reduce the span of the
equations in the corresponding modulation state, and reduce the number of
eigenvalues in the solution. If any pair of values in a given modulation state in
seperate geometric terms in a given direction (increasing or decreasing queue
length) is identical, this also reduces the span of the equation and hence number
of associated eigenvalues in the system, since the elimination of one also knocks
out the other. If there is a reduction of the number of independent non-zero
terms in all modulations states, then the localized balance equation will involve
fewer queue lengths over all. To simplify the analysis of the system in terms of
number of eigenvalues and the range of the balance equations, we compact the
representation of the balance equation.

Create fresh copies of all the batch distribution matrices in groups by band
of queue lengths. We are going to seperate the definition of the general balance
equation from the description of the localization. We use seperate copies of the
batch distribution terms. This is of course potentially spacially ine! cient, but
it makes the process simpler in implementation, and simpler to understand.

If the queue we wish to formulate uses a number of modulated processes
selected by an environmental modulator (for example BMAP arrivals and PH
type processing), the rate matrices for each will have a number of zero rows.
The associated geometric batch distribution parameter matrices therefore also
have these zero rows.

The copies of the matrices to be used in the elimination process will either
be numerical or symbolic. If they are symbolic, then any elements known to
be non-zero should be references to the corresponding elements in the original
matrix.

For each band, therefore, we have a list of matrices describing the geometric
terms generated by processes in that band. To enable convenient prediction
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of the number of eiegenvalues in the system, we need to know what the per-
modulation-state range of the localized balance equations will be. To Þnd this,
we compact the set of distribution matrices.

The simplest view of this is, for each ßux direction seperately, to write the
diagonals of each matrix into successive columns of a array. We then shift
each element of that array to the leftmost column possible. This may leave
some all-zero columns. Each number of non-zero elements in rowm of the
array produced for upward transitions gives the value ofub,m . We count the
corresponding elements in the array for downward processes to givedb,m .

5.4 Localization procedure

The simplest implementation results from removing all the series in one di-
rection, then removing those from the other. Here we remove all backward
geometric processes, followed by the forward. In C-like pseudocode:

// number of columns in the matrix is N
N = num_up_terms + 1 + num_down_terms;

// P and T are the lists of
// down and up geometric terms

// remove downward processes
for(t=1; t<num_down_terms; t++ ) // loop t geometric terms

for(j=t; i<N; i++ ) // loop j columns
for(i=0; i<num_coefficients; i++) // loop i coefficients

set( A[i,j], sub( A[i,j], prod( A[i,j-1],P[t])));
// this is a matrix operation

// remove upward processes
for(t=1; t<num_up_terms; t++ ) // loop t geometric terms

for(j=N-t-1; i>=num_down_terms; i-- ) // loop j BACK columns
for(i=0; i<num_coefficients; i++) // loop i terms

set( A[i,j], sub( A[i,j], prod( A[i,j+1],T[t])));
// this is a matrix operation

Recall that each element of A, P and T is an array, so matrix assign (set),
subtraction (sub) and multiplication (mult) functions are required. At the end
of this procedure, the dth column (indexed from 0) contains holds the matrix
coefficients of the localized balance equation.

6 A novel interpretation of batch distribution
parameters

FackerellÕs thesis [9] gives a clear introduction to the use of matrix exponential
distributions. «Eltetýo, R«acz and Telek describe an important opportunity to gen-
erate feasible, meaningful distributions by unconstrained optimization through
identiÞcation of a locus of minimal coefficient of variance distributions [8]. These
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arise from examining the eigenvalues of the system, which can result in expo-
nential, modal and oscillatory terms. The essential constraint is that all prob-
abilities must be positive. We have independently noted that it is possible to
construct what could be viewed as a discrete analogue of the same component
terms using the formulation of the geometrically batched queue.
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Figure 1: Left: a modal component shown as rate against jump size i for ! 1 = 2,
" 1 = 0.9, ! 2 = 1.999, " 2 = 0.89. Right: a sinusoidal oscillatory component shown
as rate against jump size i with ! = 1 in for the conjugate batch processes, with
" = 0.99eπ

!
" 1/ 16 in one, and " # in the other, and an additional real geometric term

2 ! 0.99i from a normal CPP process to give a positive result

A single geometric term has been demonstrated to be valuable in its own
right ( e.g. amongst others [1]). This is formed by a positive ÒrateÓ and a
positive ÒdecayÓ. These are commonly selected by a modulation process, so
are held in matrices. Using these terms we construct the geometrically batched
queues as originally conceived, with positive and negative arrivals and processing
completions all geometrically batched, and Markov modulated.

We have shown how a queue with real, positive transaction size distributions
expressed as a superpostion of geometric terms can be solved using a novel trans-
formation approach followed by essentially standard solution methods. We have
introduced an additional aspect of novelty in the formulation of the geometric
terms. Let us emphasize that the transformation process involves simple full
rank manipulations which preserve the meaning of the system. This allows us
to experiment freely with the geometric terms, so long as the sum is positive
and real.

6.1 Modal and oscillatory components

With this freedom of expression, we can explore constructions with apparently
unreasonable rates and batch size distribution values. We Þrst introduce amodal
term constructed of two geometric terms, one of which comprises a positive
ÒrateÓ and a positive ÒdecayÓ, and the other a negative ÒrateÓ of smaller absolute
magnitude than the Þrst, and a positive ÒdecayÓ of smaller magnitude than the
Þrst.

ratei = λ1θ
i
1 + λ2θ

i
2, λ2 = ! αλ1, α < 1, θ2 = βθ1, β < 1

These can be mixed and matched to form distributions with a number of modes.
There is also the opportunity for an oscillatory component formed by a pair of
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complex conjugate batch size ÒdecaysÓ associated with identical transaction
rates, such that the complex components cancel out.

ratei = ! (( " )i + ( " ! )i , Im(" ) != 0, |" | < 1

These are visually comparable to the graphs in [8], with the exception that
the abcissa here is discrete. The phase and frequency of the oscillatory term
may be freely modiÞed. Phase is most simply modiÞed by adding a constant
o! set to the power of the complex geometric term. This preserves the necessary
relationship (a constant multiplicative factor) between balance equations at dif-
ferent queue lengths for the elimination procedure. Note that we explicity show
the square root of minus one. The commonest name ofi for this would clutter
the namespace of the present work to no beneÞt - as soon as these oscillatory
terms are recognized, we simply include a complex conjugate pair of processes,
and need not consider the complex component explicitly.

These discrete geometric, modal and oscillatory components can be freely
mixed, so long as the result is entirely positive. This means that there must
be at least one either geometric or modal component. In initial experiments,
it may be worth Þnding further suitable constraints in a similar sense to that
espoused by«Eltetýo et al for the continuous case in the matrix exponential.

We are currently exploring ensuring positivity by having one of the geomet-
ric terms speciÞcally set to ensure the distribution is strictly positive, i.e. it
is responsive to the evolving estimate, rather than being driven as part of the
search, acting as a conpensating term. This leads to shocks in the error term
during convergence on distributions which have more than one minimum at or
close to zero, since this incurs discontinuities in the derivatives of the compen-
sation term. Optimization of such a Þt in both the discrete and continuous case
is an interesting research topic.

7 Solution

The equilibrium solution for the queue is found by setting up a matrix equation
which expresses all the necessary explicit balance equations and the normal-
ization term. These are expressed in terms of the eiegensystems of the bands
and any explicit SOP vectors. This is most easily built progressively by looping
through the processor Þlling region, then through band boundaries, and the
full queue if it is Þnite. The resulting system will be non-square due to the
normalization. It is squared by either removing an equation, or adding it to
another.

In the transformed system, we Þnd that the number of eigenvaluesM =
nup + ndown , where nup is the number of distinct, geometrically batched up-
ward transitions (customer arrivals) and ndown similarly the number of distinct,
geometrically batched downward transitions (service completions or customer
removal via negative customers) summed over modulation states.

ChakkaÕs solution mechanism described in [1] Þnds the forward and reverse
eigensystems for the repeating region of the queue provided. It is not necessary
to use two separate eigensystems when solving these queues, since the SOP
vectors at the interface between the repeating region and a boundary may be
represented explicitly in the set of equations used to Þnally solve the queue.
Chakka aims to Þnd the eigenvalues less than one in each process. However,

195 D.J. Thornley

UKPEW 2008 Ð http://ukpew.org/



identiÞcation of the largest eigenvalue is particularly e! cient. It may therefore
be advantageous to use his approach of separating the processes, but solving for
the maximum eigenvalues. This contrasts with the matrix geometric approach,
in which a matrix embodying the smallest eigenvalues is found. Focussing on the
larger eigenvalues also favours using explicit SOP vectors in the solution system
for queue lengths neighbouring a band boundary. For a succinct description of
use of the spectral expansion approach, we recommend Mitrani and ChakkaÕs
original work [12].

A matrix equation generated directly from the explicit balance equations
involving the coe! cients of the eiegensystems of the bands in the queue, and
the normalization term is not square. The system is over speciÞed because of the
homogeneity of the balance equations demands the addition of a normalization
term. This is corrected either by removing a column of the system (recalling that
we are using left vectors). We have discussed at length the relationships between
spectral expansion and matrix geometric methods previously [19], providing a
clear description of some limitations of each, and suggesting how they may be
addressed.

7.1 Explicit regions

In general, in the region 0! j ! c " 1, there is no repetitive structure in the
balance equations that can be exploited. We therefore represent the SOP vectors
for these levels explicitly asv j . To constrain these SOP vectors we generate the
localized balance equations using the method in section 5 at the corresponding
levels 0, . . . , c " 1 to remove peripheral geometric processing completion terms.

For each modulation state m, the Kolmogorov equations just above the
processing region,c ! j ! c + um , and in a Þnite queue or one with bands, the
region just below the top of the queue or particular band,L " dm ! j ! L , give
the boundary conditions linking the explicit and repeating regions. Localization
of balance equations operates as before, but the derived equations include a
mixture of explicit SOP vectors represented asv j (for 0 ! j ! ! b " 1 and j = L
for Þnite queues) or using a suitable spectral expansion or matrix geometric
representation for all other levelsj .

The eigensystems in seperate bands are distinct, and indeed the spectrum
size of each band can be di" erent. These are joined correctly by ensuring that
the solution system includes explicit equations foru(! )

b queue lengths below an

interface between bandsb and b+1, and d(! )
b+1 above it if the eigensystems solved

for include the kernels (this requires a forward and backward system in each).
However, it is far simpler to use explicit SOPs either side of the boundary and
use a single eiegensystem in each of the bands. This requires explicit equations
for an additional queue length either side of the interface.

It is clearly desirable to allow arrival rates to vary with queue length, as this
occurs naturally in a closed system. It may also be desirable to model a com-
putation system which increases processor rate (and hence power consumption)
only when a Þnite bu" er is almost full. Banding of processing rates does not
create any additional Þne structure in the balance equations of the main body
of the queue.

The highest band of queue lengths may be Þnite or inÞnite. If it is inÞnite,
then there is an increased likelihood that a matrix geometric/analytic represen-
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tation of the SOP vectors will be e! ective for that band [19]. This would neatly
complement the use of spectral expansion in the internal Þnite bands, which
motivated by accuracy arguments [19], with the potential for higher e" ciency.
For example, in the queues used in [18], we used spectral expansion in both
bands as the queues are Þnite. That work does not include Markov modulation
- instead, it focuses on the e! ectiveness of banding by exploring a network in
which batch sizes are very large, e! ected by a process completion batch size
distribution parameter ! of 0.9.

8 Conclusion

This latest development in Markovian queue formulation provides the opportu-
nity to unify interarrival time distributions with a novel freedom in deÞnition
of batch transaction size distributions, while maintaining exact solubility. The
formulation approach we have developed enables rapid prototyping of novel,
complex queues. This is applicable both to analytic work, by generating sym-
bolic balance equations in a suitable mathematical prototyping system such as
Mathematica, and to implementation in performability analysis software tools
where e" cient numerical evaluation is key.

The formulation process is in essence arithmetic, comprising only matrix
multiplication and addition. The numerical implementation for a tool may
therefore straightforwardly represent the terms being manipulated as e" cient
tree arithmetic structures, in which the queueÕs parameters may be dereferenced.
Thus, any balance equations automatically generated at run-time in such a
software tool may be re-used for variant system conditions.

We have provided basic examples of building blocks for batch transaction
size distributions. Use of these terms will enable approximation of discrete
distributions such as those found in internet tra" c packet sizes, for example by
taking a discrete cosine transform of the required distribution and implementing
the required terms with the oscillatory componenets provided.

Any continuous time, discrete state Markovian queue may now be augmented
by the addition of controlled batch transaction size distributions and approx-
imated queue length dependency. The opportunity to trade o! solution com-
plexity (in terms of number of geometric terms, modulation states and bands)
against goodness of Þt to target process descriptions enhances the class of queue-
ing models which can provide accurate solutions in practice.
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