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Abstract

An important relationship between the matix geometric and spectral
expansion solution representations for calculation of the equilibrium state
occupation probabilities of Markov modulated queues has recently been
reported. The complementary strengths and weaknesses motivate trans-
lation between the two in a general analysis framework to combine their
strengths. Further, coordinating the exactness of solution required in
some circumstances with the low time complexity demanded by iterative
optimization procedures motivates translation to and from approximate
schemes. We illustrate the opportunity to translate into an approximate
domain with an e! cient statespace aggregaton queue solution approach.
We then draw a parallel between the extraction of the eigensystem from
the state-aggregated output with performing an equivalent translation
from the results of simulation. Translation to and from matrix exponen-
tial based queues, which provide an alternative to an explicit state space,
is motivated by the opportunity for simplified tra! c matching.

1 Introduction

The requirement for a formal and general treatment of the inter-operability of
performability modeling approaches is clear. The fundamental theme of atom-
ization, annotation and translation is well described by Deavourset al [7] in
relation to the M¬obius framework. This framework translates incoming model
components to a common representation and solves these through simulation
or numerical methods. Other uniÞed modeling frameworks connect the com-
ponenets at other levels of abstraction, such as the TangramII integrated envi-
ronment [6], but these still address similar basic requirements, such as impulse
and rate reward modeling. The formulation of a model component, and its
implementation for inclusion in such regimes requires the identiÞcation of the
relationship between that models behaviour and the integration approach in-
herent to the framework.

Markov modulated queues are an important class of model commonly in-
corporated in such frameworks. Solution methods for queueing systems vary
widely, but the matrix analytic and geometric approaches solve a large class of
queues. Bini et alÕs release of the SMC-solver [4] (written in Fortran 90) is an
important contribution to the Þeld of such solution methods for queues. The
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algorithms provided [3] in the release of the tool gather results of the authorsÕ
research, and that of Neuts, Latouche and Ramaswami, and a contribution from
Akar and Sohraby. Crucially it is also intended that further components be in-
troduced by third parties. It provides a test bed for concrete comparison of
methods, and a focus for discussion vital to efficient academic interaction and
practical progress.

We are interested in issues surrounding the use of queue solution components
in a network solution framework. Matrix analytic and geometric methods are
applicable to a large class of queues described in recent work by Thornley and
Zatschler [22]. This analysis deÞnes bounds on the descriptions of queues for
which a matrix generated solution is exact, and explains some circumstances
in which numerical instability occurs. Note also that it clariÞes exactly why
spectral expansion is problematic around saturation through an analysis using
generalized eigenvectors. This necessitates the use of alternative methods to the
matrix analytic formulation under some circumstances which are deÞned as loci
in the space of queue parameterizations. This in turn necessitates consideration
of translation between methods to enable their use as substitutable components.

In this paper, we highlight shared structure in a range of queue solution
methods, which motivates investigation of componentization of queue solution
methods, for selection of the most effective .

2 Background

There are many practical methods in use for solving for the equilibrium state
occupation probabilities of Markov modulated queues with or without batches
(see [3] for examples). There are also a number of approaches to calculating
sojourn or response times exactly, such as [11, 13] for the generalized batched
queue [23], which construct the Laplace transform then invert this analytically),
and approximate approaches to calculation of network sojourn timese.g. [10]
which enable the calculation of network sojourn times. Each takes certain in-
puts, processes using a particular construction, and provides a speciÞc output
form. For example, each queue solution method will take as input a description
of the arrival and service processes, and output terms which allow calculation
of the steady state, either exactly or approximately, perhaps as moments of the
distribution. Some important properties of the matrix geometric and analytic
approaches have recently been reported [22] which clarify the relationships be-
tween spectral and matrix generated solutions. This enables us to extend the
class of queues which are soluble exactly by analytic methods by the use of su-
perposed geometrically batched arrival, service and removal (negative customer)
processes in a single queue. This contradicts a long-held misapprehension that
the matrix analytic approach was entirely general, as disproven in [22].

If we can Þnd pairwise translations between values required for alternate
methods, this will enable independent substitutions of these methods as com-
ponents in a framework. As well as simplifying the construction of a network
model, this will allow dynamic substitution of components, for example during
iterative solution over a network, a stability analysis of such a solution, or an
iterative optimization regime.

The matrix geometric representation writes a vector of state occupation
probabilities for a given queue length asvj = vRj . The limitations of this,
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proven in [22] can be illustrated succinctly by noting that Rj can be written as
WΛj W T (where W and Λ are the standard matrix of eigenvectors and diagonal
matrix of eigenvalue used when orthogonalizing a linear system), more clearly
illustrating the basis for generating the queue solution. From spectral expansion
of the queue, we see that there are up to NM eigenvalues, where N is the number
of environmental phases, and M is the transition range in the most compact
representation of the queue.

The three matrices commonly used for matrix geometric representation in
matrix analytic methods, R, G and U are related to each other in a simple
manner clearly explained in e.g. [3]. Thus, since queue solutions are gener-
ally iterative, these results may be passed to a new component brought in to
improve efficiency, or to enable a richer description of traffic while maintaining
throughput and the description of the processing. If we consider the relationship
between a matrix geometric component’s values and those of other methods we
find interesting challenges, whether the methods be approximate such as Mi-
trani’s recent introduction of the dominant eigenvalue approximation [16], or
exact such as in the rapidly evolving use of matrix exponential distributions as
exemplified by Akar’s work (e.g. [1]).

It should be noted that the number of modulation phases need not be high
to push the size of the eigensystem out of the range of matrix analytic ap-
proaches. A relatively simple processing node which takes a number of indepen-
dent batched input streams, such as might be approximated using a maximum
entropy solution for a generalized exponential description [14], requires a modi-
fied approach [22], since each independent batched process adds an eigenvalue.

3 QBD equivalent queues

Markov modulated queues soluble in tools such as the SMC solver exhibit a
large region in which the transition pattern can be defined independently of
that length. This results in a repeating pattern in the Chapman Kolmogorov
balance equations:

j ! 1∑

i = max (0 ,j ! f )

v i F( j − i) + v j [Q−
min ( f,j )∑

k=1

D(Fk )−
min (b,L ! j )∑

k=1

D(Bk )]

+
"∑

i = j +1

v i M(I − Φ)Φi ! j ! 1 = 0

Vector v j holds the equilibrium state occupation probabilities of the queue at
buffer occupancy j and modulation phase corresponding to the vector element.
L is the maximum queue length, or waiting room size including the number
of processors. We use a set of forward transition rates Fk for jumps of length
1 ≤ k ≤ f , and a set of backward transition rates Bk . Each of L, f and b
may be finite or infinite. Interestingly, f and b may be notionally infinite even
if L is finite [23]. D(A) is a diagonal matrix comprising the row sums of A.
This notation is consistent with that used by Mitrani (e.g. [17, 16]). For more
discussion of such Chapman Kolmogorov balance equations in the context of
spectral analysis, see [16].
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Thornley and Zatschler prove that for f > 1 or b > 1, the matrix generated
solution may hold insufficient eigenvalues for a correct solution. However, it is
noted that if the transition matrices take a geometric construction, e.g. Fk =
Λ(I ! Θ)Θk−1 and Bk = M(I ! Φ)Φk−1, then the ensemble of balance equations
for the queue can be manipulated using full rank operations to “eliminate” the
infinite tails of the balance equation resulting in balance equations which arise
from a localized equivalent transition structure. We therefore call a queue with
structure amenable to this form of compaction a QBD equivalent. Thus, in
balance equation below, Λ is a diagonal matrix of Poisson rates for an arrival
process and Θ distributes the batch sizes. The service completions are in batches
distributed according to Φ, arriving as Poisson processes in each modulation
phase at rates given in M .

j −1∑

i =0

v i Λ(I ! Θ)Θj −i−1 + v j [Q ! Λ ! M ] +
∞∑

i =j +1

v i M(I ! Φ)Φi−j −1 = 0

If we refer to the full equation above as fj , then the QBD equivalent localized
repeating equation is given by cj = (fj ! Θfj −1) ! Φ(fj +1 ! Θfj ). Replacing
full equation fj with compacted equation cj in the ensemble preserves full rank
(see [23] for further details). The resulting compacted equation for queue length
j can then be written as follows:

v j −1Q0 + v j Q1v j + 1Q2 = 0

This balance equation describes the compact equivalent of queues analytically
soluble using a matrix basis. One of these queues is the geometrically batched
BMAP/BMAP/1 queue deszcribed earlier. In its infinite form, it is soluble
using matrix geometric approaches, and in its finite form, it can be analyti-
cally solved using an augmented matrix geometric form (see [22], or [2] for a
derivation from a closely related point of view). This is because the ensemble of
balance equations over the whole (possibly infinite) queue can be transformed
using full-rank column operations (recall that the vectors are left-multiplied) on
the ensemble of Chapman Kolmogorof probability flux equations for the whole
queue, resulting in a compact – and most importantly finite – form which gives
a quadratic matrix recurrence.

The manipulation regime described in [23] is a generalization of the approach
above, and provides a compact equivalent of a queue with multiple superposed
geometrically batched arrival, service and removal processes. In general the
compact equivalent transition system covers a range of M + 1 queue levels,
where M is equal to the sum of the largest equivalent forward batch transition
range and the largest backward. This results in a linear homogeneous matrix
recurrence relation of order M in square matrices of size N , so the characteristic
equation has up to NM solutions. In the QBD equivalent, this is 2N , N of which
are inside the unit disc.

Thornley and Zatschler [22] explain how this leads to a system which will
not collapse to a matrix quadratic, and discuss the resulting eigensystem size,
proving that a matrix generated series – or pair of such series – is insufficient
in the general case of such queues.
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4 Componentization

The agility of deployment of the latest techniques in integrated environments
is necessarily limited by the requirement for communication of the techniques,
and the facility of adaptation of the interfaces to those techniques to the frame-
work. We believe that this demands added emphasis in dissemination of novel
performance results on the limitations as well as the power of the result. In
addition, an explicit description of neighbourhoods of each method, in terms of
which alternative methods we might translate to and from, will assist research
at the level of integration frameworks. The neighbourhood of a technique is also
deÞned in terms of the method to which we might translate, as it describes a
region in the parameter space of the queue or network of queues being exam-
ined. In that region, it may be considered reasonable to use either method, and
a decision to translate into one or the other will weight up the cost of transla-
tion against the computation cost in subsequent calculations. For example, if a
queue will only stray into the neighbourhood of a competing solution method
for a small number of computations, then the translation cost may outweigh the
extra computation involved through not using the ÒbetterÓ method.

4.1 Translation

Many solution methods employ an iterative approach. During solution for per-
turbed network behaviour, perhaps as part of scenario exploration or parameter
sweeps to test the stability of a system, intermediate results of those methods
would ideally be stored for use in the next local iteration. If a component is to
be subsituted during this process, if the intermediate results can be passed on to
the new component either directly or through translation, efficieny is improved.
Use of alternate matrix analytic methods in this sense is ideal since the matrices
G, R and U are interchangeable, and derive their distinct identities from the
variant iterative methods.

In general, each translation may involve approximation and assumptions
about the system. Information about these must be preserved in annotations.
Complex solution systems will require meta-analyses of these attributes to track
the error bounds of the solution methods, especially in non-feed-forward net-
works where the emergence of complex behaviour in the errors may be antic-
ipated, which must be instrumented, as they may not be predictable. There
may be identiÞable patterns for establishment of a componentization which can
be expected to beahave well, and anti-patterns describing combinations and or-
derings which fail. This is turn offers an opportunity to construct a database,
or ontology of suitable component combinations related to target applications.

4.2 Substitution

We believe that it is worth considering a scenario in which we formulate our
queue solution methods such that they may be easily substituted dynamically
in an overarching process of solution for network behaviour. For example, when
a queue reaches saturation, we may choose to resign ourselves to a loss of detail
for the sake of efficient feasibility of solution using an approximation.

For example, Mitrani [16] explains that the dominant eigenvalue method is
particularly effective under heavy loading for an inÞnite queue. While it is clear
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from the treatment that additional spectral components are important at lower
loading, we might expect the use of a method based on a matrix geometric solu-
tion to be an e! ective approximator in two clearly identiÞable scenarios. From
[22] we note that for QBD equivalent processes, a matrix geometric soltuion
is theoretically perfect, computationally e" cient, and only slightly disadvanta-
geous to numerical accuracy, when considering an inÞnite queue.

As well as translating between alternate exact methods, we may wish to
move in and out of approximations. This is necessary for example when we
wish to work from an initial estimate of network behaviour found from either
simulation, or approximating analytic methods which provide either worst case
analyses (e.g.[19]) or moment-based approximations (e.g.[14]). These are com-
monly necessary for a feasible solution which can include the e! ects of correla-
tion in networks with feedback or overtaking [21].

We suggest that signiÞcant value will be added to results of novel or im-
proved methods whose advantage is in high accuracy, low time complexity or
helpful approximation in particular parameterization ranges, if we can identify
complementary techniques in the literature which represent neighbours in the
space of parameterizations of networks.

When approximate solution mechanisms are used, the precise character of
the expected error must be maintained and passed on with the solution to sub-
sequent processing elements to enable results derived from them to be presented
with helpful error bounds. When asymmetric error bounds are guaranteed, for
example if the solution is strictly pessimistic (e.g. [19]), then it may be necessary
to include a periodic normalization or correction step in a global iteration step.

Matrix geometric and analytic solutions are exact for inÞnite quasi-birth-
death queues and equivalents, and while the eigensystem of the single or double
matrix solution is deÞcient for a more general class, it must be considered an
important approximation: Mitrani demonstrates that a single eigenvalue is an
operable approximation in heavily loaded queues, and the provision of a further
N − 1 eigenvalues by the matrixG (which is N by N , the number of environ-
mental phases), and in combination with matrix R, we have a total of 2N ([22]
describes this combination in the solution of a Þnite QBD equivalent queue).

5 Example: ETAQA and spectral expansion

ETAQA [20] provides a particular solution form in which the Þrst n queue
lengthsÕ vectors of state occupation probabilities are provided, and the sum of
the remainder:

(v0, . . . , vn−1,
∞∑

i =n

v i ) (1)

This represents an exact result, but is not a complete, detailed characterization
of the equilibrium solution. Riska and Smirni have recently succeeded in gener-
alizing the solution domain of ETAQA to include systems which allow batched
downward transitions to more than one state and will output a solution for in-
Þnite queues of type GI/M/1 and M/G/1 and QBD. In their worked examples,
generally n = 1.

We do not discuss the mechanism by which this is calculated except to note
that ETAQA uses the same single matrix relationship between neighbouring
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state occupation probability vectors as other matrix analytic approaches. This
means that the solution is only exact for QBD equivalent systems. The solution
structure however appears amenable to inclusion of more generating matrices,
and output of state occupation probabilities at more levels of the queue.

We may also extract an approximation to the eigensystem, the simplest being
a single exponential decay and eigenvector equivalent. Mitrani’s approximation
of the eigensystem using the dominant eigenvalue is driven by solution from the
perspective of the system description, but ETAQA allows us to work from a
solution for the steady state to find an e! ective mean (eigenvalue,vector) pair
(!̄ , ø! ) from the output (v0, . . . , vn! 1,

! "
i= n v i):

"2 =
n! 1"

i=0

#
#v i − #!̄ j ø!

#
#
2 +

#
#
#
#v

# − !̄ n

1− !̄

#
#
#
#
2

Then set
$"2

$x
= 0, ∀x ∈ { #, !̄ , ø! 1 . . . ø! N }

This is a basic least squares solution, whose e! ectiveness for a specific purpose
would be optimized by synthesizing a suitable error weighting scheme in the
normal manner. N is the number of modulation phases of the system, and ø! i is
the mean eigenvector’s value in the corresponding phase i. In principle, we could
include more approximating eigenvalues and vectors, but this would increase
the size of the linear system we have to invert. In fact, it may be appropriate
to use a single eigenvector with a number of eigenvalues, which would allow
approximation of a heavy tailed distribution. The example G matrix entries
shown in in figure 5 of [4] indicate that the distribution among modulation
states may be narrow overall, leaving the detail in the marginal queue length.
Thus, thinking in terms of translation between methods has not only clarified
relationships, it has also motivated analysis of a new, feasible approximation.

Riska and Smirni suggest that ETAQA does not allow the calculation of the
exact steady state distribution of the queue, but with translation to an eigen-
system representation, this can be readily mapped out for use in e.g. sojourn
time calculation [11, 13] if su" cient queue levels are output. Thus translations
may be valuable both for network equilibrium solution components, and for
calculation of further measures.

6 Integration

It is tempting to suggest using the full eigenspectrum as the lingua franca in
the community of queue solution methods, since it always expresses the com-
plete behaviour. At the mathematical analysis stage, this and other formalisms
stretching back to those used in [8] are helpful. However, it is well known that
use of the explicit spectrum is problematic in a wide range of practical circum-
stances. In [22] we describe these circumstances, and outline some basic means
by which which they may be circumvented in the use of a matrix generated so-
lution. This includes an analysis using generalized eigenvectors to allow proofs
to include the locus of queue parameterizations which cause exact saturation.
However, this does not help us in practice, since saturation is instantaneous
with respect to changes in any given parameter. Instead, techniques from the
nummerical analysis literature must be introduced which are designed to cope
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with vagaries of eigenspectrum distortion and instability. One important ex-
ample of these is the use of the Schur form for matrices, which we see used
in invariant subspace solution research. This may motivate the substitution of
such an invariant subspace component during calculations near saturation.

Instability in the size of the eigenspectrum is e! ectively circumvented in the
single eigenvalue approximation provided by Mitrani [16]. The e" cacy of the
approximation is analytically proven for heavy loading. However this may not
be a suitable component for substitution during the progress of an iterative
network calculation which is proceeding with a more expressive representation.
Sudden loss of detail, especially if in a batched system, may cause shocks due
to the strong e! ects of correlation in such circumstances [12]. This motivates
the development of a formal approach to specifying the locus of queue parame-
terizations for which a given solution method is not just e! ective in itself, but
crucially when it can act as a neighbour for other methods when substitution
in a speciÞed network solution regime is required.

Translations back and forth between exact forms and a variety of approxi-
mations may be warranted in an automated system. This may be used, for ex-
ample, to seek out the range of network loads for which an existing deployment
is e! ective, and then to experiment with feasible adjustments to expand that
range. Commonly in an iterative scheme we establish an initial estimate, apply
cheap updates until the solution is near, then use more sophisticated techniques
to reÞne our view of the neighbourhood of the solution. This can be related
to, for example, the Levenberg-Marqardt method for non-linear optimization,
in which the computationally cheap approximation of steepest descent is used
for an initial rapid approach to the solution, followed by phasing in a more
expressive analytic approximation to the error surface to navigate the solution
towards its exact goal.

6.1 Simulation

Simulation is an intuitive and successful approach to characterizing basics of
network behaviour, including sojourn times. However, estimation of variance
and higher moments of measurescan be unstable. For this reason, analytic
models are a commonly a necessary complement to simulation. If we consider
the proposed theme of deÞning translations and annotations, we can compare
the requirement to translate from simulation results to queue models with that
from ETAQA. Queue length and system phase distributions can be noted from
simulation, and in principle we can apply the same translation from this to an
eigensystem representation.

If we wish to explore perturbation around a simulated behaviour, then we
have to translate that simulated solution into a parameterization of a mathe-
matical model (cf. [12]). The onus is then on the modeller to prove that the
model is appropriate in a clearly deÞned manner, and to provide measures with
distributions and/or bounds. Componentizing queue solution methods will en-
able this to be approached in a compositional manner, enabling the solution
for these values using the mathematical annotations of the components, rather
than having to synthesize a descritption from Þrst principles for each network.
The solution may still take the form of an iterative numerical solution, but
as our understanding of the relationships between alternate methods improves,
opportunities to Þnd compact, analytical solution will arise, such as those lever-
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aged by Schmitt et al [19] for an important class of approximations to provide
pessimistic bounds.

6.2 Approximation

Mitrani [16] explores the use of a single, dominant eigenvalue/vector pair to
solve a queue approximately. The effectiveness of the solution are clearly de-
scribed. This is therefore directly amenable to rendering as a component with
annotations describing the response of accuracy to load to guide a deployment
mechanism in a larger performability measurement modelling task.

As mentioned above, we can solve for a ÒmeanÓ eigenvalue from ETAQA
output of state occupation probabilities which would tend to approximate the
system with errors related to the approximation provided by Mitrani from an
ab inito analysis of the queue description. We would be interested in this, for
example, if we wish to calculate sojourn times for the queue. MitraniÕs approxi-
mation is sufficient at high utilization, in which the constant associated with the
largest eigenvalue is dominant, and an ETAQA component may be substituted
a lower loadings for an efficient solution mechanism which nevertheless allows
us to capture the increased signiÞcance of the smaller eigenvalues by subsequent
translation to a single mean eigenvalue/vector pair.

Matching of matrix exponential tra ffic and processing characteristics []. The
number of eigenvalues required for the solution of a queue is generallyNM , and
a matrix geometric solution provides N of these (sinceR = WΛW T ), so the
solution may be approximate in a similar sense to that of Mitrani [16] but with
a larger truncated eigensystem.

6.3 Matrix exponential queues

Fischer and Meier-Hellersten used matrix exponentials to analyse Markov mod-
ulated queues in an exposition of the range of Markov modulated queues [8].
More recently, Akar analyses queues explicitly formulated using matrix exponen-
tial distrbutions [1], and Fitzgerald et al [9] match matrix exponential random
variables to real sequences. Akar also provides a state space method for solving
queues with matrix exponential traffic [1]. These works, in combination with
Akar et alÕs work in invariant subspaces (we Þnd [2] particularly informative),
make clear the importance of matrix exponential approaches to provide feasi-
ble solutions for interesting queuing models, especially because this provides
an additional key into matching real tra ffic essential to validating ad applying
theoretical work.

The matrix exponential distribution has a rational Laplace transform, ren-
dering its analysis simpler in many cases. Also, its relationship to certain classes
of state-space motivated queuing models is relatively straightforward. For ex-
ample, the PH/PH/1 queue as analysed by Neuts [18], and later generalized
by Latouche and Ramaswami [15] places a simple constraint on the parameters
of the distribution, conveniently described by Akar [1]. Where the relationship
between a state space model and the matrix exponential is clear, we expect the
translation to either a spectral expansion or matrix geometric/analytic method
to be straightforward.
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7 Discussion ad Conclusions

The establishment of a description for the locus of applicability, e! ciency and
accuracy of solution methods will assist in the identification of progress in the
search for powerful solution mechanisms. Until we find the ultimate method
which solves all queueing problems optimally, we must work to leverage the
strengths of each individual approach. From the perspective of a team develop-
ing a given solution method, or teams contributing to approaches which occupy
a similar interface (as intended for collaborative environments such as SMC-
solver), a drive toward formalization of the relationship between that group of
methods and others with di" erent interfaces will add value, through the ability
to hand over to another solution method in a manner provably appropriate over
a well defined domain.

As Mitrani suggests, we must consider whether it is worth trying to solve
analytic models exactly. The approximation he suggests enables approximate
solution for a number of network measures. The feasibility of simulation as a
proofing tool for system designs improves through academic community e" ort,
and can rival analytic modeling in the tradeo" between accuracy and execu-
tion time. We note that the result of a simulation can resemble the output of
ETAQA in terms of state occupation probabilities, for which we have suggested
a translation to a spectral representation. This, in combination with an approx-
imation to queueing rates will allow coordination of such results with analytic
measures.

We have previously [22] looked at a partition of the space of Markov modu-
lated queues which defines the range of applicability of a matrix generated solu-
tion. This range contains those queues whose system of balance equations may
be compacted without approximation to give a matrix quadratic eequivalent.
An example of a queue which inhabits this range is the geometrically batched
BMAP/BMAP, or MM CPP/GE/c/L form which corresponds to a queue ini-
tially examined in detail by Chakka and Harrison [5] without negative customers.
This confirms a requirement for alternative solution methods for queues which
fall outside this range. With the additional requirement for approximation in
many circumstances, this motivates the establishment of translation mechanisms
for analytic queue solution methods. Since the analytic common ground of the
whole eigensystem has not been demonstrated generally e! cient in practice,
this requires pairwise analysis of methods which consitute “neighbours” in the
space of queue parameterizations to find e! cient translations. As new solution
methods emerge, we suggest that value will be added, and future deployment
made simpler, by specifying how their envelope of advantageous deployment
interacts with their alternatives in both exact and approximate methodologies,
and investigating how their inputs, intermediate results, and outputs may be
interchanged.
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